A numerical scheme based on the immersed interface method (IIM) is developed to simulate the dynamics of an axisymmetric viscous drop under an electric field. In this work, the IIM is used to solve both the fluid velocity field and the electric potential field. Detailed numerical studies on the numerical scheme show a second-order convergence. Moreover, our numerical scheme is validated by the good agreement with previous analytical models [1, 31, 39] , and numerical results from the boundary integral simulations [17] . Our method can be extended to Navier-Stokes fluid flow with nonlinear inertia effects.
Introduction
Under a direct current (DC) electric field an electrohydrodynamic flow is induced both inside and around a viscous drop [28, 37, 39] . Depending on the electrical properties of the fluids the viscous drop can deform into a prolate (oblate) spheroid with its major axis parallel (perpendicular) to the electric field. Such electrohydrodynamics of a viscous drop has a wide range of applications in micro-fluidic systems [36, 45] , from drop manipulation by electro-wetting [6] to enhanced mixing inside and on a drop in a Stokes flow [2, 11, 32, 44] . Several theoretical models and numerical schemes have been developed to study the drop dynamics under a DC electric field. Theoretical studies are often restricted to nearly spherical [1, 39, 42] or spheroidal shapes [4, 31, 46] . Consequently these models can only capture the drop electrohydrodynamics up to a moderate electric field, and cannot predict the extreme drop elongation, lobed steady drop shape and several break-up modes under a strong DC field observed in experiments [13, 14] and direct numerical simulations. Various numerical schemes have been developed to simulate electrohydrodynamic (EHD) flow with certain limitations. For example, the boundary integral method [7, 17, 38 ] cannot be easily extended to different configurations such as solving the full Navier-Stokes equations, or accounting for charge effects in the bulk fluid. Sharp methods such as the ghost-fluid method [33, 35] are generally first-order accurate. Tomar et al. [41] used the volume of fluid (VOF) method, where jumps in electrical and fluid properties across the drop interface are smoothed out in a transition region around the moving interface. A direct consequence of the smoothing is the reduction in the order of accuracy. The finite element method [10] is too computationally expensive for deforming/moving interfaces.
To investigate the electrodeformation of a viscous drop with inertia effects (finite Reynolds number), recently Hu et al. [15] developed a hybrid numerical scheme, using the immersed boundary (IB) method for the incompressible Navier-Stokes flow (finite Reynolds number) and the augmented immersed interface method (AIIM) for the electric potential. The authors treated the electric Maxwell stress as an interfacial force to facilitate a unified immersed boundary framework, and illustrated first-order convergence for the electric force calculations. In addition this code can efficiently simulate large drop deformation under both an electric field and a shear flow.
Based on results in [15] , we have developed an immersed interface method (IIM) for axisymmetric electrohydrodynamics of a viscous drop in the present study. Both the electric and the fluid equations are solved within the immersed interface framework with axisymmetry. The fluid solver is based on an axisymmetric immersed interface algorithm [24] . The electric solver is an AIIM modified from [15] to account for the axisymmetry of the drop interface.
The IIM was initially developed to solve elliptic equations with discontinuous coefficients and/or singular sources [20] . The basic idea behind the IIM is to modify the finite difference discretization of the discretized governing equations near irregular grid points by adding correction terms that depend on the boundary conditions at an interface. The IIM differs from the immersed boundary method (IB method) [34] , another popular method for solving similar problems, in that the IIM does not regularize the singular forces at the interface. Instead, it captures the interfacial discontinuity in a sharp manner, and yields a second-order convergence rate. While second-order IB methods exist [5, 12, 19, 30] , the second-order accuracy is reduced to first order for problems that involve an infinitely sharp interface [29] , such as the drop interface that we consider here. Therefore in this work we use IIM with consistent order of accuracy (second-order) for both the electric field and the fluid flow. In addition, our IIM algorithm is developed for an axisymmetric viscous drop in three dimensions.
The paper is organized as follows: The problem formulation and governing equations are presented in Section 2. The numerical methods for both the fluid and electric components are described in Section 3. The IIM to solve the electric potential in axisymmetric coordinates is developed in Section 3.1, and the implementation of the IIM for the flow field presented in Section 3.2. Finally, the convergence analysis and comparison against analytical models (such as the spheroidal model [31] ) and boundary integral numerical simulation results [17] are discussed in Section 4.
Problem formulation
A schematic diagram of the problem formulation is shown in Fig. 1 : an initially spherical viscous drop under a DC field E 0 , whose direction is parallel to the axis of symmetry. The interface Γ separates the exterior fluid (superscript '+' for the exterior domain Ω + ) from the interior fluid (superscript '-' for the interior domain Ω − ). Within each subdomain, the fluid flow is described by the incompressible Stokes equation
where j = '+ ′ for the exterior fluid and j = '− ′ for the interior fluid. p, u = (u,w) and the parameter µ denote the pressure, flow field, and fluid viscosity, respectively. In the bulk the electric permittivity ε j and conductivity σ j may be different between the exterior ('+') and interior ('-') of the drop. The ratios of permittivities and conductivities are defined
where Q and R are notations used in [17] . For convenient comparison to boundary integral results in [17] , we use (Q, R) instead of (ε r , σ r ) when we present our IIM simulation results in Section 4. The drop interface Γ is given in parametric form X(s,t) = (ρ(s,t),Z(s,t)), where the parameter 0 ≤ s ≤ 2π. (ρ(s,t),Z(s,t)) are the polar coordinates of the interface Γ in the r and z directions, respectively. Under an external electric field, bulk charges neutralize instantaneously in the leaky dielectric framework [28] , and consequently the electric potential φ satisfies the Laplace equation
with the far-field boundary condition ∇φ + = −E 0ẑ , and the boundary conditions on the drop interface
where n is the unit outward normal,q = ε∇φ·n represents the surface charge density, and · denotes the jump between outside and inside quantities. For "weakly" conducting dielectric fluids, the charging time t c ≡ ε j /σ j is much faster than the time scale t EHD = µ j /ε j E 2 0 of the electrohydrodynamic flow in most applications: t c ≪ t EHD . Therefore the charge convection term on the right hand side of Eq. (2.5) is often ignored in the leaky dielectric framework [9] , and the jump condition on the normal electric field reduces to σ∇φ·n = 0.
The electric force F E is related to the Maxwell stress M as F E = ∇·M, and M is computed from the electric field E as 6) where I is the identity tensor. In the leaky dielectric formulation, the electric force is important only when there is a gradient or jump in the electrical conductivity σ and/or permittivity ε. As these electrical properties are assumed to be piecewise constant with a possible jump across the drop interface in our formulation (see Fig. 2 ), the electric force F E can be treated as an interfacial force given by the jump in Maxwell stress in the normal direction, as done in the boundary integral method [27] . At the drop interface the stress balance gives surface tension [8, 18] and electric force, and is given by
where γ is the surface tension along the drop interface X = (ρ,Z), and |X s | = ρ 2 s +Z 2 s , with the subscript 's' denoting partial derivatives with respect to the Lagrangian parameter s.
Numerical methods
The governing equations in Section 2 are cast in cylindrical coordinates (r,z) for our axisymmetric system (Fig. 2) , and the velocity field u = (u,w). These equations are solved over the r ≥ 0 half-plane and then extended to the left half-plane r < 0 by symmetry. We denote ∆t as the time step size and t n = n∆t as the nth time-level with n = 0,1,2,···. At a time level t n , the position of the drop interface is given by a set of (N B +1) Lagrangian markers, Figure 3 : Grid geometry at an irregular point (i, j) from [20] .
Neumann boundary condition for the electric field is imposed along the axis of symmetry (r = 0, BC1) and the side wall (r = L, BC2),
For the Stokes equations, boundary conditions for pressure and velocity are specified at
Dirichlet boundary conditions for p, u, and w on the other three sides (BC2-BC4) of the domain are determined from boundary integrals [3] :
In the IIM, grid points are classified as regular or irregular points based on their proximity to the interface. A point (i,j) is irregular if its stencil consists of neighbors on either side of the interface, while a regular grid point has its four neighbors on the same side of the interface (see Fig. 3 ).
Augmented IIM for the electric potential with axial symmetry
The IIM for a Poisson problem has frequently been utilized to solve Eq. (2.4). For the electric potential we adopt the following general IIM formulation for cases where the net bulk electric charge density (denoted as c in the following equation) is not zero 6) with boundary conditions at Γ
In our formulation we consider ε to be piecewise constant, therefore Eq. (3.6) can be recast as ∆φ = c/ε in each domain. Moreover, we can use the AIIM (augmented immersed interface method) to solve for the potential, with φ n = g as the augmented variable. First developed as a fast algorithm for elliptic interface problems with discontinuous coefficients [25] , the AIIM introduces an unknown function (the augmented variable) to the original set of interface boundary conditions. This augmented variable is solved simultaneously in addition to solution of the elliptic equation. Recently AIIM has been applied to various problems [16, 26] , and various modifications have been made to solve the Navier-Stokes equations with piecewise constant fluid viscosity. The augmented method we use for the electric potential is based on [15] , and here we extend it from two-dimensions to three-dimensions with axisymmetry. We use a fixed staggered grid, where the grid points x ij and potential φ ij are defined at the cell center. For the electric potential, the system of Eqs. (3.6)-(3.7) becomes
with boundary conditions
We use the standard second-order difference stencil to discretize the Poisson equation on either side of the interface. The finite difference discretization near the interface is modified by the correction term C ij
Here, Φ and Ψ correspond to φ ij and φ n x * k , respectively, and x * k is the orthogonal projection of x at the interface; A is the difference operator, E is the operator acting on the augmented variable, and T is the vector of known solution in the right-hand side. The correction term C ij is non-zero only at irregular grid points (see Fig. 3 ), and is obtained from performing a Taylor's series expansion about an irregular point on either side of the interface:
where d is the signed distance between the irregular grid point and its orthogonal projection x * k , and κ is the local curvature of the interface. We refer the reader to [15] for detailed derivation of the correction terms, C ij .
At the interface, the relation between φ n and σφ n is expressed by
14)
The choice of Eq. (3.13) or Eq. (3.14) depends on the value of R (=1/σ r ). This helps ensure that coefficients of σ ∓ / σ I are large enough, so that the matrix in Eq. (3.16) is diagonally dominant. We cast Eqs. (3.13)-(3.14) in matrix form, B ± Φ+σ ∓ / σ Ψ = G, where B + and B − denote the matrices resulting from the one-sided difference approximation along the normal directions, respectively. The overall linear system becomes
We solve Eq. (3.15) by first eliminating Φ to obtain We use a fast Poisson solver in steps (1) and (3). Once we know the potential, we can compute the jump in the Maxwell stress. We use the one-sided least square interpolation [25, 43] to calculate the interfacial potential and electrostatic field. Here, we briefly summarize the one-sided least square interpolation scheme, modified for our axisymmetric case, and the interested readers are referred to [43] for more details. Denoting q the number of grid points used for the interpolation, we derive a system of q (≥ 6) equations from the second-order Taylor expansion near the interface
The problem is cast in matrix form, ζs = Y, (3.18) where s = [S 1 ,S 2 ,··· ,S 6 ] T , Y = φ(r,z) l , and ζ is the coefficient matrix of relative distances.
The unknown coefficients s is solved using the least square minimization method, where the matrix ζ is expressed as ζ = UΣV * by Singular Value Decomposition (SVD). U q×q and V * 6×6 are unitary matrices, and
Eq. (3.18) is then recast as UΣV * s = Y, and we obtain the solution s = VΣ −1 U * Y. From this calculation, the electric potential and field at (ρ k ,Z k ) are immediately obtained:
(3.22)
IIM for the fluid flow field with axial symmetry
For the fluid flow field we use the IIM and adopt the approach developed by Li et al. [24] for the incompressible Stokes equations 25) where f n and f τ are the components of the boundary force normal and tangential to the interface, respectively. In practice, the singular source term is eliminated from the righthand side. The pressure satisfies the Laplace equation,
with specified jump conditions. The standard second-order finite difference discretization gives 27) where the correction term C p i,j is determined using the same methodology as in [20] . We solve the resulting system of equations for p, using fast Fourier transforms (FFT). Note that C p i,j is non-zero only at irregular grid points. We then compute the velocity field u = (u,w), which is governed by
with jump conditions
We discretize the r-component of velocity to get
where
A similar discretization is obtained for the z-component of u. As in the case with p, we obtain solutions for the velocity by FFT [22, 24] . The position of the drop interface is updated according to
where 33) result from interpolating the Eulerian velocity, u using a second-order interpolation scheme that incorporates the jumps across the boundary [21] . The coefficients γ's and δ's must be determined. In the case of U Γ , we first choose the three closest points, (r i1 ,z j1 ), (r i2 ,z j2 ), and (r i3 ,z j3 ) to the point (ρ k ,Z k ) on the interface. Then the coefficients γ k are,
34)
35) 36) and the correction term
where a i are linear combinations of the γ k . u is the r-component of velocity. We use a similar approach to determine the interpolated velocity W Γ from the z-component of velocity, w. Finally, we advance the markers according to the second-order Adams-Bashforth method
Summary of the numerical algorithm
Prior to solving the governing equations, the system is non-dimensionalized using the following scale: x = r 0 x * , p = γ r 0 p * , and u = U d u * . Here r 0 is the initial radius of the drop, and U d is the characteristic velocity. The dimensionless governing equations become (after dropping the * ) −∇p+Ca∆u+
The electrohydrodynamics thus depends on the capillary number Ca = µU/γ, the electric capillary number Ca E = ε + E 2 0 r 0 /γ, and the two ratios (Q, R). The capillary number represents the ratio of viscous force to surface tension, and the electric capillary number reflects the strength of the electric field.
Given the position of the drop interface X n at time t n , the numerical implementation of the equations proceeds as follows:
1. Compute the electric potential φ n using the augmented IIM described in Section 3.1.
With φ n known, use the one-sided least squares interpolation scheme to calculate the interfacial electric field from (3.21) and (3.22 4. Interpolate the fluid velocity to the boundary markers, and update the boundary to its new position X n+1 .
5. Shift the drop center to the origin (r,z) = (0,0) to off-set the drift of a viscous drop under a DC electric field [10] .
As noted in [10] a drop between two parallel plate capacitor (fixed electric potential jump) exhibits a constant drift towards one of the plates. The drift of a viscous drop under a steady electric field is cancelled by an added hydrostatic pressure [10] . Others take advantage of the symmetry with respect to the equatorial plane to reduce the computational domain by half [33, 40] (obtaining the solution in only one quadrant of the space). In this work, the drop center is shifted back to the origin at every time step to avoid the drift.
Results

Convergence study
In this subsection, we present the convergence results of our numerical schemes. The computational domain is (r,z) ∈ [0,3]×[ −3,3] , and the mesh size h = 3/N, where N is the grid number. The permittivity and conductivity ratios are (Q, R) = (50,0.04). We used a time step of ∆t = 0.001, and ran the simulations from t = 0 to t = 0.2. The number N B of Lagrangian markers representing the interface scales as N B = N/2. Table 1 shows the convergence results as the ratio of the solution errors to h 2 . We use the solution computed with N = 512 as the true solution, Y exact , and define
The results show that the ratio is approximately constant and non-increasing, which indicates second-order spatial accuracy (similar to results in [23, 24] ). Another way to determine the accuracy of the numerical method is to define the ratio
A ratio around 2 implies second-order accuracy. Table 2 shows the convergence analysis. For the interface position, X = (ρ,Z), the errors and rates are averages between components ρ and Z. One can immediately observe that the rate of convergence is second-order for u, w, p and the interface position, X. Table 3 shows the convergence results for the the electric potential values at grid points, and on the interface. We also determine the accuracy of the interfacial electric force by plotting successive errors in the electric force as a function of the grid number, N. Fig. 4 shows the errors between successive grid refinement, (F E ) 2N −(F E ) N , for the interfacial electric force. We observe that the error convergence rate is second-order. 
Equilibrium deformation as a function of conductivity ratio R
In this section we validate our model by comparing to analytical and numerical results found in the literature. The equilibrium drop deformation under a DC electric field is quantified by the deformation number
where L and B are the drop size along the major and minor axes, respectively. Depending on the combination of electrical properties of fluids (Q and R, see appendix in [31] and references therein), the equilibrium drop shape under a DC electric field could be either prolate (the major axis is parallel to the electric field and D > 0), spherical (D = 0) or oblate (the major axis is orthogonal to the electric field and D < 0). Moreover there exist two different modes for the prolate shape: one is prolate A with a circulation from the equator to the pole, and the other is prolate B with a circulation from the pole to the equator.
In the limit of small-deformation (|D| ≪ 1), a first-order approximation is given by Taylor [39] :
where the ratio of viscosities µ r =µ − /µ + . To validate our IIM solver, we perform simulations with varying conductivity ratio (R) and compare our equilibrium drop deformation D against models and and the VOF simulation results as follows. We use parameters from Tomar et al. [41] with Q = 10. The electric capillary number (equivalent to the Bond number in [41] ) is set at Ca E = 0.18. Moreover, we fixed N =128. The step size is h=5/N, and the time step ∆t=h/12.5 (for prolate) and ∆t=h/25 (for oblate). Fig. 5(a) shows a comparison of the numerical simulations with the predictions from Taylor's first-order theory from Eq. (4.3), the spheroidal model of Nganguia et al. [31] , and results using the volume of fluid (VOF) method in [41] . We note a transition from prolate (D >0) to oblate (D <0) shapes with increasing R. Results from our IIM simulations are in good agreement with Eq. a larger range of R for agreement with our spheroidal model. Fig. 5(b) shows the electric potential (left) and velocity field (right) for R = 0.55 (an oblate drop with a circulation from pole to equator), where our IIM result is in good agreement with VOF result and the spheroidal model.
Equilibrium deformation as a function of electric capillary number Ca E
We simulate drop deformation for various values of the permittivity and conductivity ratios, with parameter values from Fig. 16 , Fig. 18 and Fig. 20 of [17] : (Q, R) = (0.1,0.1) for the prolate A drop, (Q, R) = (2,10) for the oblate drop, and (Q, R) = (50,0.04) for the prolate B drop. The spatial resolution is varied between N = 128−512, with higher resolution needed at electric capillary number Ca E ≥ 0.25. The step size is h = 6/N, and the time step ∆t=h/12.5 (for prolate) and ∆t=h/25 (for oblate). Starting with a spherical drop shape, the simulations are continued until a steady equilibrium shape is obtained. Fig. 6 shows the equilibrium deformation number versus the electric Capillary number Ca E for the prolate A and B, and oblate drops in panels (a), (b) and (c), respectively. In addition to results from our IIM simulations, we also superimpose the predictions from the spheroidal model [31] , the boundary integral approach [17] , and two other analytical models by Taylor [39] and Ajayi [1] .
In Fig. 6 (a), we observe that for small electric capillary number (Ca E ≤ 0.05) all the models and numerical results are in good agreement. This is expected, as all models should converge to Taylor's result in the limit of small deformation. For Ca E > 0.05, Taylor's result start to deviate significantly from the other approximations. Ajayi's secondorder model is in good agreement with the spheroidal model and numerical simulations up to Ca E ≈ 0.1. The spheroidal model shows excellent agreement with the IIM and BIM simulations for the full range of Ca E presented in this paper. We make similar observations for the prolate B shape. In Fig. 6 For a 'clean' drop (no surface-active agents such as surfactant on the drop surface) in a DC electric field, Taylor predicted and observed that the circulatory motion is from the equator to the pole (counterclockwise in the first quadrant) for the prolate A drop [39] . On the other hand, a circulation from the pole to the equator (clockwise circulation in the first quadrant) is found inside the prolate B and oblate drops. Fig. 7 shows the steady state drop shape, electric potential, and flow patterns for prolate A and B, and oblate drops. For each panel, the electric potential contour is on the left, while the flow field is depicted on the right.
We also investigate large drop deformation and its dynamics leading to break-up under a strong electric field (large electric capillary number). For large Ca E the axisymmetric drop shape deviates significantly from spheroids as illustrated in [17] . In partic- ular, there may exist a critical capillary number above which the drop breaks up into smaller droplets. To illustrate that our IIM code captures non-spheroidal drop shape and dynamics leading to drop breakup for large Ca E , we use the parameters for Fig. 7 (c) ((Q, R) = (2,10)). Fixing Ca E = 0.315 and N = 256, Fig. 8(a) shows the drop shape at times prior to the pinch-off. This sequence of drop shapes is in good agreement with Fig. 18 in [17] , where the boundary integral results show that drop will break up for Ca E >0.297. In addition, our IIM code (with N = 256) is able to obtain steady spheroidal shapes up to Ca E = 0.304, which is slightly higher (by 2.4%) than the threshold 0.297 for break-up reported in [17] . Fig. 8(b) shows the location of the equator (pole) versus time in the top (bottom) panel. The late-time behavior of the pole indicates a pinch-off at the poles around T ∼ 32. Fig. 8(c) depicts the electric potential contour (left) and flow field (right) at the time before pinch-off.
We also conducted simulations for a prolate A drop with Ca E = 0.37 and the same (Q, R) = (0.1,0.1) as those for the prolate A drop in Figs. 6(a) and 7(a). For this set of Q and R, the prolate A drop is predicted to pinch off for Ca E ≥ 0.34 [17] . Fig. 9(a) shows the drop shape at times prior to the pinch-off. The electric potential contour and flow field are depicted in Fig. 9(b) . We note that, unlike the oblate case in Fig. 8 , the prolate A drop takes longer to elongate and get close to pinch-off.
Conclusion
In this work we implemented the IIM to simulate the dynamics of a three-dimensional axisymmetric leaky dielectric drop under a DC electric field. Within the leaky dielectric framework with piecewise constant electrical properties, the electric force is treated as an interfacial force (calculated from the jump in Maxwell stress) along with the capillary force. In this work an IIM solver for the axisymmetric fluid flow [24] is combined with the AIIM solver for the electric field potential [15] . Following the approach in [15] , the interfacial electric force is computed from the interfacial Maxwell stress using the one-sided least square interpolation (see Section 3.1). We first performed numerical checks to confirm the second-order convergence of the scheme for the electric potential (at grid points and on the interface), the electric force, and the fluid flow variables. This is a significant improvement from [15] , which exhibits first-order convergence due to the immersedboundary fluid solver. The second-order convergence in our IIM can be improved to higher-order by systematically calculating the higher-order corrections across the interface.
We then ran simulations with different combinations of permittivity and conductivity ratios, and compared against analytical models and boundary integral simulation results. Our results show excellent agreement for a wide range of electric capillary number. Quantitative comparison against the boundary integral simulations from [17] with exactly the same physical parameters shows excellent agreement not only in equilibrium drop deformation and flow pattern, but also the non-equilibrium electrohydrodynamic of a viscous drop.
An obvious advantage of our approach over the boundary integral code is that our IIM code can be easily extended to electro-diffusion in an axisymmetric configuration. In addition, the interface can also be extended to an elastic interface (such as a membrane) for a capsule immersed in a fluid.
Another advantage of our fluid solver is that it can very easily be extended to compute solutions for the incompressible Navier-Stokes equations. In this case, the flow field variables are decomposed into Stokes (subscript 's'), and continuous (denoted 'c') parts: u = u s +u c , p = p s + p c . We obtain the Stokes solutions using the method outlined in Section 3.2, while a projection method is used to compute the continuous solutions u c and p c . Interested readers are referred to [3, 23] for more details. We are now using this code to investigate the effects of moderate Reynolds number on electrode formation and electrohydrodynamics of a viscous drop.
